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LARGE SIEVE INEQUALITY WITH POWER MODULI FOR
FUNCTION FIELDS
STEPHAN BAIER, RAJNEESH KUMAR SINGH
Abstract. In this paper, we establish a general version of the large sieve
with additive characters for restricted sets of moduli in arbitrary dimension
for function fields. From this, we derive function field versions for the large
sieve in high dimensions and for power moduli.
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2 STEPHAN BAIER, RAJNEESH KUMAR SINGH
1. Introduction
The classical large sieve inequality with additive characters asserts that
∑
q≤Q
q∑
a=1
(a,q)=1
∣∣∣∣∣ ∑
M<n≤M+N
ane
(
n · a
q
)∣∣∣∣∣
2
≤ (N − 1 +Q2)
∑
M<n≤M+N
|an|2,
where Q,N ∈ N and M ∈ Z. As the name tells us, the large sieve is useful for
sieving problems. Indeed, there is an arithmetic form of the large sieve due to
Montgomery [10]. Both versions of the large sieve have numerous applications
in analytic number theory. The large sieve with resticted sets of moduli q, in
particular power moduli, was considered in a series of papers by Baier, Zhao and
Halupczok (see [1], [11], [2], [3], [7]), and these results turned out to be useful
tools for applications (see [4] and [5]). In particular, for square moduli, it was
established in [3] that
∑
q≤Q
q2∑
a=1
(a,q)=1
∣∣∣∣∣ ∑
M<n≤M+N
ane
(
n · a
q2
)∣∣∣∣∣
2
≪ε(QN)ε
(
N +Q3 +min
{
N
√
Q,
√
NQ2
})
·
∑
M<n≤M+N
|an|2.
In [11], Zhao conjectured that the bound
∑
q≤Q
qk∑
a=1
(a,q)=1
∣∣∣∣∣ ∑
M<n≤M+N
ane
(
n · a
qk
)∣∣∣∣∣
2
≪ε (QN)ε
(
N +Qk+1
) · ∑
M<n≤M+N
|an|2 (1)
should hold for for k-th power moduli. This conjecture is still open for every
k. A version of the classical large sieve in higher dimensions was proved by
Gallagher [6] and subsequently improved by Zhao [12]. The last-named author’s
version states that
∑
β∈Rn/Zn
ord(β)≤Q
∣∣∣∣∣∣∣∣
∑
α=(α1,...,αn)∈Zn
max1≤i≤n |αi|≤N
c(α) · e(α · β)
∣∣∣∣∣∣∣∣
2
≪ (Nn +Q2Nn−1 +Qn+1)×
∑
α=(α1,...,αn)∈Zn
max1≤i≤n |αi|≤N
|c(α)|2.
(2)
The function field analogue of the arithmetical form of the large sieve was estab-
lished by Hsu [9] in arbitrary dimension. In this paper, we prove a large sieve
inequality with additive characters in arbitrary dimension with restricted set of
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moduli for function fields. As consequences of this, complete analogues of (1)
and (2) for function fields will be established.
2. Notation
The following notations and conventions are used throughout paper:
•f = O(g) means |f | ≤ cg for some unspecified positive constant c.
•f ≪ g means f = O(g).
•f ≍ g means c1g ≤ f ≤ c2g for some unspecified positive constants c1 and c2.
Unless otherwise stated, all implied constants in ≪, O and ≍ are absolute.
Let Fq be a fixed finite field with q elements of characteristic p and let Tr :
Fq → Fp be the trace map.
Let Fq(t)∞ be the completion of Fq(t) at∞ (i.e. Fq((1/t))), let O∞ be the maximal
compact subring of Fq(t)∞, and let M∞ be the maximal ideal ofO∞. The absolute
value | · |∞ of Fq(t)∞ is defined by∣∣∣∣ n∑
i=−∞
ait
i
∣∣∣∣ = qn, if 0 6= an ∈ Fq.
The non-trivial additive character E : Fq → C× is defined by
E(x) = exp
{
2πi
p
Tr(x)
}
,
and the map e : Fq(t)∞ → C× is defined by
e
( n∑
i=−∞
ait
i
)
= E(a−1).
This map e is also a non-trivial additive character of Fq(t)∞.
Given f = (f1, f2, · · · , fn) ∈ Fq(t)n∞, we define the additive character Ψf :
Fq(t)
n
∞ → C× as
Ψf ((g1, g2, · · · , gn)) = e(f1g1 + f2g2 + · · · , fngn)
=
n∏
i=1
e(figi)
for any (g1, g2, · · · , gn) ∈ Fq(t)n∞.
Suppose f = (f1, f2, · · · , fn) ∈ Fq(t)n∞, we define metric | · |∞ on Fq(t)n∞ as
|f |∞ = sup{|f1|∞, |f2|∞, · · · , |fn|∞}.
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Given an integer N ≥ 0, the N -ball B(f,N) is defined by
B(f,N) = {g ∈ Fq(t)n∞ | |g − f |∞ ≤ qN}.
We view Fq[t]
n ⊂ Fq(t)n∞ as a lattice of rank n over Fq[t], and define the n-torus
to be Tn = Fq(t)
n
∞/Fq[t]
n. The metric on Tn is given by
‖f‖∞ = inf
f ′∼f
|f ′|∞,
where f ′ ∼ f means that f ′ ∈ f + Fq[t]n. Note that Tn is a compact Hausdorff
space and for all f ∈ Tn, ‖f‖∞ ≤ 1/q.
3. Preliminaries
In this section, we collect the results that we need in the course of this paper.
The next Theorem 3.1 says that the Pontryagin duality holds for rational function
fields.
Theorem 3.1 (Theorem 2.1 in [9]). Let B : Fq(t)
n
∞×Fq(t)n∞ → C× be defined as
B(f, g) = e(f1g1 + f2g2 + · · · , fngn) = Ψf (g),
for f = (f1, f2, · · · , fn) and g = (g1, g2, · · · , gn) ∈ Fq(t)n∞. The Pontryagin
duality F̂q(t)n∞ = Fq(t)
n
∞ is induced by B. Moreover, Fq[t]
n is a discrete subgroup
of Fq(t)
n
∞, and T̂
n ∼= {Ψf | f ∈ Fq[t]n} ∼= Fq[t]n.
For the locally compact topological space Fq(t)∞, we normalize the Haar measure
so that µ(M∞) = 1. For a given locally constant function ϕ : Fq(t)
n
∞ → C with
compact support, the Fourier transform ϕˆ is defined as usual by
ϕˆ(f) =
∫
Fq(t)n∞
ϕ(g)Ψf(g)dg for any f ∈ Fq(t)n∞.
Using the above Theorem 3.1, we can now state the next theorem 3.2 which
tells us that Poisson summation formula holds for rational function fields and the
proof is standard and we shall omit it.
Theorem 3.2 (Poisson Summation Formula). Let Λ be complete lattice in Fq(t)
n
∞
and let
Λ′ =
{
g ∈ Fq(t)n∞
∣∣∣ B(f, g) = 1 for all f ∈ Fq(t)n∞}
be the lattice dual to Λ. Let f : Fq(t)
n
∞ → C be a function such that∑
a∈Fq(t)
|f(x+ a)|
is uniformly convergent on compact subsets and∑
a∈Fq(t)
|fˆ(a)|
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is convergent. Then ∑
a∈Λ
f(a) =
1
vol(Λ)
∑
a′∈Λ′
fˆ(a′),
where vol(Λ) is the volume of a fundamental mesh of Λ.
Next we quote the duality principle.
Lemma 3.3 (Duality Principle, Theorem 288 in [8]). Let T = [tmn] be a finite
matrix with complex entries. The following two statements are equivalent:
(1) For any complex numbers {an}, we have∑
m
∣∣∣ ∑
n
antmn
∣∣∣2 ≤ ∆∑
n
|an|2.
(2) For any complex numbers {bn}, we have∑
n
∣∣∣ ∑
m
bmtmn
∣∣∣2 ≤ ∆∑
m
|bm|2.
4. Large sieve with additive characters
In analogy to the classical large sieve with restricted sets of moduli, we are
interested in having an estimate of the following kind:∑
G∈S
∑
σ mod G,
σ proper
ord(σ)≤Q
∣∣∣∣ ∑
g∈B(0,N)∩Fq [t]n
agσ(g + a)
∣∣∣∣2 ≤ ∆ ∑
g∈B(0,N)∩Fq [t]n
|ag|2. (3)
Here, S is a set of subgroups in Fq[t]
n, σ is an additive character for Fq[t]
n/G,
proper means not a character for a subgroup H with G ( H , ord(σ) is the order
of σ and (ag)g∈Fq[t]n is a sequence of complex numbers.
The subgroups of Fq[t] are all principle ideals (f), where we can choose f monic.
Hence, the subgroups in Fq[t]
n are of the form
(f1)× · · · × (fn),
where f1, ..., fn are monic polynomials in Fq[t]. The proper additive characters σ
for Fq[t]
n/a take then the values
σ(g + a) = e
(
g ·
(
r1
f1
, ...,
rn
fn
))
, for some ri with (ri, fi) = 1.
We note that
ord(σ) = deg(lcm(f1, ..., fn)).
We denote by T the left hand side in inequality (3) and write
f = (f1, ..., fn), r = (r1, ..., rn),
r
f
=
(
r1
f1
, ...,
rn
fn
)
,
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(r, f) = 1 if (ri, fi) = 1 for all i = 1, ..., n
and
F = lcm(f1, ..., fn),
where lcm(f1, ..., fn) is the monic polynomial of smallest degree which is divisible
by f1, ..., fn. Hence we have
T =
∑
f∈S˜,
deg F≤Q
∑
r mod f,
(r,f)=1
∣∣∣∣ ∑
g∈B(0,N)∩Fq [t]n
age
(
g · r
f
)∣∣∣∣2.
Here S˜ is the set of all n-tuples of monic polynomials f such that
S =
{
(f1)× · · · × (fn) : f ∈ S˜
}
.
By duality principle,
T ≤ ∆
∑
g∈B(0,N)∩Fq [t]n
|ag|2
for all (ag)g∈Fq[t]n if and only if
T ′ :=
∑
g∈B(0,N)∩Fq [t]n
∣∣∣∣ ∑
f∈S˜,
deg F≤Q
∑
r mod f,
(r,f)=1
bf,re
(
g · r
f
)∣∣∣∣2 ≤ ∆∑
f,r
|bf,r|2
for all (bf,r)f∈S˜, r with (r,f)=1.
5. A general large sieve inequality
Now consider, more generally, the sum∑
g∈B(0,N)∩Fq [t]n
∣∣∣∣ R∑
i=1
bi e(g ·Xi)
∣∣∣∣2
for X1, · · · , XR ∈ Fq(t)n∞. Let Φ : Fq(t)n∞ → R>0 be a function satisfying Φ(x) ≥
1 if |x|∞ ≤ 1. Then∑
g∈B(0,N)∩Fq [t]n
∣∣∣∣ R∑
i=1
bi e(g ·Xi)
∣∣∣∣2 ≤ ∑
g∈Fq[t]n
Φ
( g
tN
) ∣∣∣∣ R∑
i=1
bi e(g ·Xi)
∣∣∣∣2
=
R∑
i1,i2=1
bi1bi2
∑
g∈Fq[t]n
Φ
( g
tN
)
e
(
g · (Xi1 −Xi2)
)
.
Now we denote by
f(g) = Φ
( g
tN
)
· e
(
g · (Xi1 −Xi2)
)
,
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then we have
fˆ(g) =
∫
Fq(t)n∞
Φ
( h
tN
)
e
(
h · (Xi1 −Xi2)
)
e(−h · g)dh for any g ∈ Fq(t)∞,
where fˆ is the Fourier transform of f . Replacing h by tNs
fˆ(g) =
∣∣tN ∣∣n
∞
·
∫
Fq(t)n∞
Φ(s) · e
(
tNs · (Xi1 −Xi2 − g)
)
ds
= qnN · Φˆ
(
− tN (Xi1 −Xi2 − g)
)
.
Now we choose Φ exactly like
Φ(x) : =
{
1, if |x|∞ ≤ 1,
0, otherwise
=
{
1, if |x/t|∞ ≤ 1/q,
0, otherwise.
Then Φ(x) = Φ1(x/t) with
Φ1(x) =
{
1, if |x|∞ ≤ 1/q,
0, otherwise.
We know from [9, Lemma 2.2] that Φˆ1 = Φ1. Hence,
Φˆ(x) = qnΦˆ1(tx) =
{
q, if |x|∞ ≤ q−2,
0, otherwise.
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From the calculations above and the Poisson summation formula it follows that∑
g∈B(0,N)∩Fq [t]n
∣∣∣∣ R∑
i=1
bi e(g ·Xi)
∣∣∣∣2
≤
R∑
i1,i2=1
bi1bi2
∑
g∈Fq[t]n
Φ
( g
tN
)
e
(
g · (Xi1 −Xi2)
)
=
R∑
i1,i2=1
bi1bi2
∑
g∈Fq[t]n
qnN · Φˆ
(
− tN (Xi1 −Xi2 − g)
)
=
R∑
i1,i2=1
bi1bi2
∑
g∈Fq[t]n
qn(N+1) · Φˆ1
(
− tN+1(Xi1 −Xi2 − g)
)
= qn(N+1)
∑
i1,i2=1
‖xi1−xi2‖≤q
−(N+2)
R
bi1bi2
≤ 1
2
qn(N+1) ·
R∑
i1,i2=1
‖xi1−xi2‖≤q
−(N+2)
(|bi1 |2 + |bi2|2)
≤ qn(N+1)
R∑
i1=1
|bi1 |2 ·#
{
1 ≤ i2 ≤ R
∣∣∣ ‖Xi1 −Xi2‖ ≤ q−(N+2)}
= qn(N+1) · max
1≤i1≤R
#
{
1 ≤ i2 ≤ R
∣∣∣ ‖Xi1 −Xi2‖ ≤ q−(N+2)} · R∑
i=1
|bi|2
where ‖ · ‖ is the induced distance on the torus T = Fq(t)n∞/Fq[t]n.
6. Case of Farey fractions
Now, we specify the set of Xi’s to be of the form
SQ =
{
r/f ∈ Fq(t)n : f ∈ S˜, (r, f) = 1, deg ri < deg fi for i = 1, ..., n, degF ≤ Q
}
.
Hence SQ consists of analogues of Farey fractions of order Q with a restricted set
of denominators.
Define
M(Q,N) = max
x∈SQ
#
{
x˜ ∈ SQ
∣∣∣ ‖x˜− x‖ ≤ q−N}.
Then combining all of the above results, we obtain
T ≤ qn(N+1)M(Q,N + 2) ·
∑
g∈B(0,N)∩Fq [t]n
|ag|2. (4)
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Now take x = r/f and x˜ = r˜/f˜ , then
‖x˜− x‖ ≤ q−N ⇐⇒ |r˜ifi − rif˜i|∞ ≤ qdeg fi+deg f˜i−N for all i = 1, ..., n.
Set
ci = r˜ifi − rif˜i for i = 1, ..., n
and
F˜ = F˜ (f˜) := lcm(f˜1, ..., f˜n).
Then
M(Q,N) =max
x∈SQ
#
{
x˜ ∈ SQ
∣∣∣ |ci|∞ ≤ qdeg fi+deg f˜i−N for i = 1, ..., n}
=max
x∈SQ
∑
f˜∈S˜
deg F˜≤Q
n∏
i=1

∑
ci∈Fq[t]
|ci|∞≤qdeg fi+deg f˜i−N
ci≡−rif˜i mod fi
1
 .
Now we have ∑
ci∈Fq[t]
|ci|∞≤qdeg fi+deg f˜i−N
ci≡−rif˜i mod fi
1 = qdeg f˜i−N
if deg f˜i ≥ N . But if deg f˜i < N , then necessarily ci = 0 and hence ri = r˜i and
fi = f˜i. It follows that
M(Q,N) ≤max
f∈S˜
∑
f˜∈S˜
deg F˜≤Q
n∏
i=1
(
δ(fi, f˜i) + q
deg f˜i−N
)
,
where
δ(fi, f˜i) =
{
1 if fi = f˜i
0 if fi 6= f˜i.
Combining this with (4), we obtain the following.
Theorem 6.1. We have
T ≤ qn(N+1) ·max
f∈S˜
∑
f˜∈S˜
deg F˜≤Q
n∏
i=1
(
δ(fi, f˜i) + q
deg f˜i−(N+2)
)
·
∑
g∈B(0,N)∩Fq [t]n
|ag|2.
This implies the following for the one-dimensional case.
Corollary 6.2. If n = 1, then
T ≤ (qN+1 + (♯S) · qQ−1) · ∑
g∈B(0,N)∩Fq [t]n
|ag|2.
10 STEPHAN BAIER, RAJNEESH KUMAR SINGH
7. Case of k-th power moduli
Now we focus on the case of k-th power moduli, i.e. the case when
S :=
{(
fk1
)× · · · × (fkn) : f = (f1, ..., fn) ∈ Fq[t]n monic} , (5)
where f = (f1, ..., fn) ∈ Fq[t]n monic means that all of the polynomials f1, ..., fn
are monic. For k,m, n ∈ N with m ≥ n, f = (f1, ..., fm) ∈ Fq[t]m monic, X ≥ 0
and N > 0, we define
M˜f,n,k (X,N) :=
∑
f˜∈Fq[t]n monic
deg F˜ (f˜)≤X
n∏
i=1
(
δ(fi, f˜i) + q
k deg f˜i−N
)
.
Then Theorem 6.1 implies the following.
Corollary 7.1. If S is given as in (5), then
T ≤ qn(N+1) · max
f∈Fq[t]n monic
M˜f,n,k
(
Q
k
,N + 2
) ∑
g∈B(0,N)∩Fq [t]n
|ag|2.
To bound M˜f,n,k (X,N), we proceed by recursion over n. If n = 1, we obtain
M˜f,n,k (X,N) ≤ 1 + q(k+1)X−N .
If n > 1, then
M˜f,n,k(X,N) =
∑
f˜∈Fq[t]n−1 monic
deg F˜ (f˜)≤X
n−1∏
i=1
(
δ(fi, f˜i) + q
k deg f˜i−N
)
×
∑
f˜n∈Fq[t] monic
deg lcm(F˜ (f˜),f˜n)≤X
(
δ(fn, f˜n) + q
k deg f˜n−N
)
=M˜f,n−1,k (X,N) +
∑
f˜∈Fq[t]n−1 monic
deg F˜ (f˜)≤X
n−1∏
i=1
(
δ(fi, f˜i) + q
k deg f˜i−N
)
×
∑
f˜n∈Fq[t] monic
deg lcm(F˜ (f˜),f˜n)≤X
qk deg f˜n−N .
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We write∑
f˜n∈Fq[t] monic
deg lcm(F˜ (f˜),f˜n)≤X
qk deg f˜n−N ≤
∑
g|F˜ (f˜) monic
∑
f˜n∈Fq[t] monic
g|fn
deg F˜ (f˜)+deg f˜n−deg g≤X
qk deg f˜n−N
=
∑
g|F˜ (f˜) monic
∑
f∗n∈Fq[t] monic
deg F˜ (f˜)+deg f∗n≤X
qk(deg f
∗
n+deg g)−N
≤
∑
g|F˜ (f˜) monic
∑
f∗n∈Fq[t] monic
deg f∗n≤X−deg F˜ (f˜)
qk(X−deg F˜ (f˜)+deg g)−N
≤q(k+1)(X−deg F˜ (f˜))−N ·
∑
g|F˜ (f˜) monic
qdeg g
≤q(k+1)(X−deg F˜ (f˜))−N · (q + 1)F˜ (f˜)
≤(q + 1)(k+1)X−k deg F˜ (f˜)−N .
It follows that
M˜f,n,k(X,N) ≤M˜f,n−1,k (X,N) +
∑
f˜∈Fq[t]n−1 monic
deg F˜ (f˜)≤X
n−1∏
i=1
(
δ(fi, f˜i) + q
k deg f˜i−N
)
×
(q + 1)(k+1)X−k deg F˜ (f˜)−N
≤M˜f,n−1,k (X,N) +
∑
0≤j≤X
∑
f˜∈Fq[t]n−1 monic
deg F˜ (f˜)≤j
n−1∏
i=1
(
δ(fi, f˜i) + q
k deg f˜i−N
)
×
(q + 1)(k+1)X−kj−N
which is the same as
M˜f,n,k(X,N) ≤ M˜f,n−1,k (X,N) +
∑
0≤j≤X
M˜f,n−1,k(j, N) · (q + 1)(k+1)X−kj−N .
Now we have a recursive inequality for M˜f,n,k(X,N). It is easily checked that
this gives rise to the following explicit bound for M˜f,n,k(X,N).
Lemma 7.2. We have
M˜f,n,k(X,N)≪q,n 1 + (q + 1)kX+(X−N) + (q + 1)kX+n(X−N).
12 STEPHAN BAIER, RAJNEESH KUMAR SINGH
So our final estimate for T in the case of power moduli is the following. If S is
given as in (5), then
T ≪q,n
(
(q + 1)nN + (q + 1)
k+1
k
·Q+(n−1)N + (q + 1)
k+n
k
·Q
)
·
∑
g∈B(0,N)∩Fq [t]n
|ag|2.
Changing Q/k into Q, we arrive at the following.
Theorem 7.3. Let k, n ∈ N. Then∑
f∈F[t]n monic,
deg F≤Q
∑
r mod fk ,
(r,f)=1
∣∣∣∣ ∑
g∈B(0,N)∩Fq [t]n
age
(
g · r
fk
)∣∣∣∣2
≪q,n
(
(q + 1)nN + (q + 1)(k+1)Q+(n−1)N + (q + 1)(k+n)Q
) · ∑
g∈B(0,N)∩Fq [t]n
|ag|2,
where
fk :=
(
fk1 , ..., f
k
n
)
.
In particular, in the case k = 1 of full moduli, we get the following result on
the large sieve for function fields in dimension n.
Corollary 7.4. Let n ∈ N. Then∑
f∈F[t]n monic,
deg F≤Q
∑
r mod f,
(r,f)=1
∣∣∣∣ ∑
g∈B(0,N)∩Fq [t]n
age
(
g · r
f
)∣∣∣∣2
≪q,n
(
(q + 1)nN + (q + 1)2Q+(n−1)N + (q + 1)(n+1)Q
) · ∑
g∈B(0,N)∩Fq [t]n
|ag|2.
Moreover, in the case n = 1 of dimension 1, we get the following result on the
large sieve for function fields with power moduli.
Corollary 7.5. Let k ∈ N. Then∑
f∈F[t] monic,
deg f≤Q
∑
r mod fk,
(r,f)=1
∣∣∣∣ ∑
g∈B(0,N)∩Fq [t]
age
(
g · r
fk
)∣∣∣∣2
≪q,n
(
(q + 1)N + (q + 1)(k+1)Q
) · ∑
g∈B(0,N)∩Fq [t]
|ag|2.
8. Comparison with classical large sieve
Philosophically, the terms (q + 1)N and (q + 1)Q in the large sieve inqualities
for function fields above play the same rules as the terms N and Q in the classical
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large sieve inequalities, respectively. So the potential analogues of the estimates
in Corollaries 7.4 and 7.5 in the classical setting are
∑
β∈Rn/Zn
ord(β)≤Q
∣∣∣∣∣∣∣∣
∑
α=(α1,...,αn)∈Zn
max1≤i≤n |αi|≤N
c(α) · e(α · β)
∣∣∣∣∣∣∣∣
2
≪ (Nn +Q2Nn−1 +Qn+1)×
∑
α=(α1,...,αn)∈Zn
max1≤i≤n |αi|≤N
|c(α)|2
(6)
and ∑
q≤Q
qk∑
a=1
(a,q)=1
∣∣∣∣∣ ∑
M<n≤M+N
ane
(
n · a
qk
)∣∣∣∣∣
2
≪ (N +Qk+1) ∑
M<n≤M+N
|an|2. (7)
Indeed, inequality (6) is precisely (2), established by Zhao, and (7) matches (1)
with the term (QN)ε omitted.
References
[1] S. Baier, On the large sieve with sparse sets of moduli, J. Ramanujan Math. Soc. 21
(2006), no. 3, 279–295.
[2] S. Baier; L. Zhao, Large sieve inequality with characters for powerful moduli, Int. J.
Number Theory 1 (2005), no. 2, 265–279.
[3] S. Baier; L. Zhao, An improvement for the large sieve for square moduli, J. Number
Theory 128 (2008), no. 1, 154–174.
[4] W.D. Banks; F. Pappalardi; I.E. Shparlinski, On group structures realized by elliptic
curves over arbitrary finite fields. Exp. Math. 21 (2012), no. 1, 11–25.
[5] J. Bourgain; K. Ford; S.V. Konyagin; I.E. Shparlinski, On the divisibility of Fermat
quotients. Michigan Math. J. 59 (2010), no. 2, 313–328.
[6] P.X. Gallagher, The large sieve, Mathematika 14 (1967) 14–20.
[7] K. Halupczok, A new bound for the large sieve inequality with power moduli, Int. J.
Number Theory 8 (2012), no. 3, 689–695.
[8] G.H. Hardy; J.E. Littlewood; G. Po´lya, Inequalities. Reprint of the 1952 edition. Cam-
bridge Mathematical Library. Cambridge University Press, Cambridge, 1988. xii+324
pp.
[9] C.-N. Hsu, A large sieve inequality for rational function fields, J. Number Theory 58
(1996), no. 2, 267–287.
[10] H. Montgomery, A note on the large sieve, J. London Math. Soc. 43 (1968) 93–98.
[11] L. Zhao, Large sieve inequality with characters to square moduli, Acta Arith. 112 (2004),
no. 3, 297–308.
[12] L. Zhao, An improvement of a large sieve inequality in high dimensions, Mathematika
52 (2005), no. 1-2, 93–100.
Stephan Baier, Ramakrishna Mission Vivekananda Educational Research In-
stitute, G. T. Road, PO Belur Math, Howrah, West Bengal 711202, India; email:
email
−
baier@yahoo.de
14 STEPHAN BAIER, RAJNEESH KUMAR SINGH
Rajneesh Kumar Singh, Ramakrishna Mission Vivekananda Educational Re-
search Institute, G. T. Road, PO Belur Math, Howrah, West Bengal 711202,
India; rajneeshkumar.s@gmail.com
